J. Appl. Maths Mechs, Vol. 64, No. 1, pp. 97-109, 2000

© 2000 Elsevier Science Ltd
Pergamon All rights reserved. Printed in Great Britain
PII: S0021-8928(00)00030-7 0021-8928/00/$—see front matter

www.elsevier.com/locate/jappmathmech

THE EMISSION OF A GAS JET
FROM A CONICAL NOZZLEfY

L. M. ZIGANGAREYEVA and O. M. KISELEV
Kazan
e-mail: kiselevoleg@hotmail.com
(Received 24 July 1998)

The axially symmetric, subsonic emission of a jet of compressible fluid from a conical nozzle is considered. Subject to the
assumptions that a solution of the corresponding boundary-value problem exists and that a certain asymptotic expansion holds
in the case of this solution, it is proved that, in an axially symmetric jet of a compressible fluid at a critical pressure on the free
surface, the gas velocity reaches the sound velocity in a certain plane which is perpendicular to the axis and located at a finite
distance from the nozzle edge. Results are presented for a jet of a perfect gas with an adiabatic exponent y = 1.4. Approximate
formulae are given which enable one to determine the form of a jet with a sonic velocity on the free surface. © 2000 Elsevier
Science Ltd. All rights reserved.

The problem of the emission of an axially symmetric jet of an incompressible fluid from a funnel-shaped
nozzle has been considered by a number of authors. However, the results obtained (see, [1-3]) were not
of a high accuracy. An effective method for solving the problem of the emission of an axially symmetric
jet of a compressible fluid (a gas), based on the use of the variables of a velocity hodograph, has been
proposed in [4]. However, in [4] and in later papers, there are no results of calculations for the subsonic
emission of gas and no method is given for the calculation of a jet with a sonic velocity on the free boundary.

A development of the method in [4], which also enables one, in particular, to use it in the case of a
sonic velocity on the free boundary, is given below.

1. FORMULATION OF THE PROBLEM

Consider an axially symmetric, subsonic emission of a jet of an ideal, compressible fluid from a semi-
infinite conical nozzle. We shall assume that there are no external forces and that the jet is a steady,
barotropic, irrotational flow. In the half-plane of the cylindrical coordinates x and r, the flow domain
is bounded by the x axis, the generatrix of the cone a4, b, which makes an angle 6, with the x axis, and
the free surface bc. The r axis passes through the edge of the nozzle b (Fig. 1a).

Suppose V and p are the velocity and the density of the fluid, 6 is the angle of inclination of the velocity
vector to the x axis, M is the Mach number, V,, p., M, are the values of V, p and M at the free surface
M. <1),1=VV,v=plp,Y = vir’/2 and y is the stream function, introduced using the relations

1c0s 0 = (v) y, Tsin 6 = —(rv) y,,
(subscripts are used to denote partial derivatives).
The rectangle 1, 8 corresponds to the flow domain ina the plane of the variables t and 6 (Fig. 1b;
the segment ¥ = {(1,0){0 <t < 1, -6, < 8 < 0} corresponds to an infinitely distant stagnation point

of the flow and the points B and C correspond to the points b and ¢).
It is known [4-6] that the functions (1, 0), r(t, 0), x(1, 0) satisfy the relations

R=R(y.Y)=sinBS’L - P,S+ PSy =0
L=Ly)=(1- M*)eo + W +(1+ M* )Ty, (1.1)
P = P(y)=sin?6(t>y2 + (1 - M?)y2)
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Fig. 1.

S=8(y,Y)=2Y +y,ysin0

X, 1 M -1 cosO +P cigb T sin@)"

r, T (M"-D¥e sin] S| 1 Wl coso , (1.2)
Xo 1 cos@ - sin@®

|t Velsing[ " Yo coso

Without loss in generality, it may be assumed that

y=00nAC,y =10onA,BC and y = (1 - cos 8)/(1 — cos 6p) on AA, (1.3)

(the last of conditions (1.3) holds for the whole of the radial flow domain towards the sink).
Using relations (1.2), we express Y in terms of y:

0
Y = Y(y)=ycos0+ [(Ty, + ¥)sin6d0 (1.4)
0

Substituting expressions (1.4) into Eqs (1.1) (S(y, Y(v)) = S(y), R(v, Y(v)) = R(y)), we obtain an
integro- -differential equation in . Relations (1.1), (1.3) and (1. 4) define a boundary-value problcm for
v in he domain Y. The solution of this problem will be sought in the form y = y® '+ x, where yC is he
leading part of the asymptotic expansion of the stream function in the neighbourhood of the singular
point C and % is a smoother function which is found by the method of finite differences.

2. ASYMPTOTIC EXPANSION OF ¥ WHEN M. < 1

We shall assume that M and v are known functions of 1, which are analytic in the neighbourhood of
the point y = 1. In this case, the coefficients, which depend on 7, in expressions (1.1) and (1.2) can be
expanded in power seriesin { = 1-1

P =1+20+L2, 1-M?= T ul¥, w(1+MY)= Tqlt
k=0 k=0

2
ug =1-M?2, u,‘=—idM , k=12,.. (4 <0)
at | ' @1)

Qo=2-Uyp, @ =Gqo—U) G ==l ~i, k=23 .

v =1+{M2 —%gz(qu,’ +uy)+...
Putting M, < 1, we introduce the variables 6 and ©
o =0 +a2(2)”%, co=arctga%, o =ul =(1- M2)" (2.2)

(o and o are the distance to the origin of the coordinate system and the central angle in the plane of
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the variables af, and 0; ® = -1 on AC and ® = ~1/2 on CB). According to (2.2)
{=a'ocosw, B=0sinw (2.3)
Gg =SiNW, O, =0COS®, Wy = o 'cosw, o,=-00"'sinw 2.9)
System (1.1), (1.4) can be written in the form

L(y)= N(y), N(y)=(SP, - PSyX(S?sin@)™" 25)

Suppose O(w) = L{y) — N(y) and v is a function which satisfies the equation Q(y) — 0 when
(t, 8 B X, (1, 6) — (1,0) as well as the conditions Yy, = 0 on AC and y;, = 1 on CB. We shall seek y,
in the form of an asymptotic expansion in the small parameter g, putting

Yo=Y, +V¥y+..., VY, =h(0)f,(0)

(2.6)
h (6} h(6)—>0 nmpu 050, k=12,...
and requiring that the following conditions be satisfied
=0npuw=-%, k=12,..
Vi P .7

yi=lmpuw=-n/2, Y,=0npue=-n/2,k=273,...

Suppose v is the solution of boundary-value problem (1.1), (1.3), (1.4). The asymptotic expansion
of y in the small parameter o is obviously identical to expansion (2.6) as long as the functions are uniquely
defined.

It is natural to seck the leading term in expansion (2.6) in the form y, = f;(®). Using relations (2.1),
(2.3) and (2.4), it can be shown that, here,

Lio)=L +AL, P(y,)=PR+AR, S(y))=S8 +AS,, R(y,)=R +AR, (2.8)
L =0 00+ Wi = 02072, AL =0(c™)

B =02 (yi +alyl) =alsin?wf?, AP = 0(0)

S, =2y, +0y g =2f +sinwcosqf), AS, = 0(0)

P = 0’6" sin2w(cos ayfy? +sin ££;")

S = o' [cos (1 + 2 cos? ) £+ sinwcos? of;"]

R, =8SL; - PyS + PS;g =0(c™"), AR =0(1)

Equating R, that is, the leading term in the expansion of R(y,) in powers of o, to zero, we obtain
the equation

4f2f" dcos’ &, f{? +sinwcosafy> =0 (2.9)
Taking account of (2.7), we require that the following conditions should be satisfied
f(-m)=0, fi(-n2)=1 (2.10)

A numerical-analytic investigation shows that boundary-value problem (2.9), (2.10) has a unique
solution: a monotcnically increasing function f;(®) can be obtained by numerical integration of Eq (2.9),
following for the fact that the expansions hold for the ends of the interval [-r, -m/2].

- ] 23 113
f,(—n+u)=q 2(142 —'3—144 +—l%u6 —55—2—6148 +...), q=0,83166

n 1 33 (l 2 1 4) 4 ( 7 3 27
~—u|=l-qu-—q*u +{ — g ~— H =g ——q° [’ +.
f'( 2 ) YL 127 "247 ) "\1207 "ea0? )“ T
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Note that the relation f,(®) has been previously given in [4] in parametric form, which is inconvenient
for practical applications without any indication of the method used to determine it

=211, w=-n+arctg[J,(20/ Jy(20], 1€[0,15]
where Jy, Jy are Bessel functions and ¢, is the least root of the equation Jy(2¢) = 0,4 = g.

The second term of expansion (2.6) can be found in the form y, = of2 (o). The differential equanon
for f,(w) is obtained by equating to zero the term of the order of unity in the expansion of the expression
R(y; + wy,) with respect to 6. However, the function Y = = fi(®), which is the leading term in the
expansion of the required function y with respect to o is sufficient for practical purposes. Note that
Q(w) = O(c”") when R(y) = O(c") and, consequently, Q(w;) = O(c™).

3. ASYMPTOTIC EXPANSION OF ¥ WHEN M, = 1

When M, = 1, the coefficient uy in (2.1) vanishes, which leads to a change in the type of singularity
at the point C. Putting M, = 1, we introduce the variables % and B:

- 6 3.1)
x =[O +[LPVE,  B=arctgLte, (
IgP

(» and P are the distance from the origin of the coordinate system and the central angle in the lane
of the transformed variables of the hodograph &, = |£]¥, 0, = u8; B = 0 on AC and B = -n/2 on CB).
By (3.1)

C:—x%(cosﬁ)%, 0=p"'xsinP (3.2)

xg =HUsinf, %, = —%x%(cosﬂ)%
By =px'cosB, P, = %x'% sin B(cosﬂ)%

We shall seek the function g in the form

Vo=V +W,+..., VY, =d,(2)g,(PB)

33
dpp(})di(x) > 0 when » -0, k=1.2,... (33)
while requiring that the following conditions are satisfied
=0 when =0, k=12,...
Vi b (3.4)

v, =1 when B=-n/2, y,=0 when B=-n2, k=23,.

We shall seek the leading term in expansion (3.3) in the form y; = g;(B). Using relations (2.1} and
(3.2), it can be shown that, in representations (2.8).

9 _ i _
Ly =ulW 00 + Viee = ke %(COSB)%(—gthg.’ +g;"). ALy = 0(x" %)
R =0y +ulwly) = %u‘zx% sin’ BlcosB)*g(%, AR = O(x¥)
5, =2y, +0y,q = 2g, +sinBcosPg(, AS, = 0()
Ro == ™! K sin2B(cosB)(cosBai? +sinig)

8o = 1" [cos B(1 + 2 cos? B)g| +sinBcos® Bg;
R =0S2L, — ByS, + BS;e =O(x %), AR =0x5)
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Equating R,, the leading term in the expansion of R(y,) in powers of x, to zero, we obtain
equation

dgigl+ smBCOSB(l —sin B)g -~th3; 8 (4 --g-sin’ Bleigi*=0 (3.5)
Taking account of conditions (3.4), we require that the following conditions be satisfied

§0=0, gEr2)=1 (36)
Investigation shows that boundary-value problem (3. 5), (3.6) has a unique solution: a monotonically

decreasing function g,(B) can be obtamed by numerical integration of Eq. (3.5), taking account of the
fact that the expansions

2, 1 gs, __1 qw0 - 3.7
aB)=a 135'5 17013 1822513 +..), a=0.31247

LI O %( }x(____,____),'y
g‘( 2“) I=pt +6p' 2P 648 10807 “1215°

p = 1.14967
hold at the ends of the interval [~n/2, 0.

We shall seek the function v, in expression (3.3) in the form y, = »¥2g,(B). Here, according to relations
(2.1) and (3.2)

Ly, +¥,) =L +AL,, P(y,+V¥,)=PR +AP,
S(W, +V¥,)=5,+A4S,, Ry, +V,)=R, +AR,
Ly = 4,500 + 200 1x + 2V 1o + 10V 200 + Wore =

=K (cosp)¥] 28sincos” p - ZsinB +Ssin’ B -

—~(&¢os’ B+-sm BcosB)g; ]+—(cosﬁ)y(-—g2 —-—(g{igz + g7 )}, AL, =0(1)
P, = 0720w, + 1,0 Wip + 20W1Wae + 4GV 10W20)1 =
= p,“zﬂ:%‘[-;- (cosP)® sin? Bglg, — (cosP)*(Bsin® Bcos?+ %sin‘ ﬁ)]
APz = ‘9(%2)
S, =2y, +0yyg = x%[(z +%sin2 Big +sinBcong§], AS, = O(x%)
=l xx[—(cosB) %(28sm B—48sin®p+ 18sin> P)g)? —

-(cosB)A(28sin Bcos? B+9sinB)gier+
+cosB)S(9sinB - 6sin® B)gig; + %(cos BY sin? Blgig; + aias )]

..x 8 . 8 . 3 2. 2 ’ H 2.
Syg =X - -3—smB-—~§sm Ble, + 3cosB—§-sm BcosP |g3 +sinPcos® Bg3
Ry =028,S,Ly + 5P Ly)= oSy ~ PoSi + SoPs + Sy0R = 00, AR, =000)
ety =2

4fu|

Equating the leading term in the expansion of R, in powers of %, R(\; = ;) to zero, we obtain the
equation for g,(B):
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~%/2 -/ ¥ /4
Fig. 2.
Egy + Fg; +Ggy = H, +&H,
E=g}

1 2 N ’ . 3 l 2 2
=-—-§th3,2—(2—-§5an P)e:si +S'"ﬁcosﬁ(z-zsm B)gl

2 , 8sin’p 2( 1.2),2( 2. 2q0) on
=—gi —— —cos?B| 1-—sin’ B |g/* +| 2+ =sin" P |g,8
G 3 8 9 cosp 8181 B 3 1 3

H, = ~(cosB) A[sinB(2 - 4 cos? B)gls{ +2sin® BeosBlg2i” ~ &7 1]
4 , P ,
H, = ~(cos B)‘%[g sinf cos? Bg,zg,’ + -§cos3 B(g & 2 gfg,’) - ;sm ﬁcos4 B 3]

We shall represent g,(B) in the form g,(B) = ¢,(8) + 5¢,(B) by submitting the functions ¢, to the
conditions

E(p;’+F(p;+G(Pk =Hk’ (Pk(0)=(Pk("7t/2)=O' k=12 (38)

Analysis shows that boundary-value problems (3.8) are uniquely solvable and that the functions ¢,(),
¢,(PB) are non-negative and can be found by numerical integration of Eq. (3.8) when account is taken
of the fact that the expansions

<Pl(B)=a(3B3 ~p*+op® +)

(3.9)
(pl(__;f.;.t) = 3t% -3pt% +-§-p2t2 +...

8 5 16,4 208 o6 )
=al =B —-—pB"+—p" +...
0,(B 0(9[3 273 1215B
19 4 y 8 4 2 29
—_— = — ——pt — t“+...
"’2( 2“) PR LA T

hold at the ends of the interval [-1/2,0].

The relations g;(8), @1(B), ®2(B) are shown by curves 1-3 respectively in Fig. 2.

It can be shown that, for y; and v,, found when M, = 1, Q(y;) = O(x7%5). Q(y; + W) = Q(1). It
is obvious that the functions y; = g;(B) and y, = »3(9,(B) + 5¢,(B)) serve as the initial terms of the
expansion of the required function y with respect to the small parameter x.
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4. ANALYSIS OF THE FUNCTION ¥
WHEN M, = 1, B = 0, -n/2

By relations (3.7) and (3.9), we have

O(B*) when B—0

1+0(t%) when B=-m/2+1, 10 (4.1)

2P+ K%(q’l(ﬂ) +39,(3) = {

We shall show that, when M, = 1, similar relations also hold for the required stream function

v = y(x, B).
According to the first conditions (1.3), w(%, 0) = 0. When B — 0, we. can represent y(x, B) in the
form

W0, B) = N(x)by(B) + O(b, (B)) (42)

assuming that b,{P) is of the order of magnitude of B° or B or and that §"** is of the order of magnitude
of B™ or $"*%, when m and n are positive constants, m > n and ¢ is a positive quantity which may be
as small as desired (according to (4.1), n < 2). It can be shown that fb’/b; = O(f*) when b, = O(B‘)
and, in the remaining cases, pb}/b; = O(1) and that B&/b7] = O(1) always.

We shall use the notation O(3,(B), 8,(B)) bearing O(8¢(B)) in mind here, where 8y(B) is that one of
the functions 8;(B), 8,(B) which tends more slowly to zero when f§ — 0. Using relations (3.2), we obtain
from (4.2) that

V. =0(b), Y=0(b)
Wo = UNx"'b] + O(Bb;,b3), Wep = W2N2b]"+ O(by, b3)
L=pu2(0-M*)N2b]'+ O(b,, b5)
P=(1-MY)N*B2? + O(B2bE,B2bibs3)
= N(2b, +Bb))+ O(B*b;, b,)
= 201 - MP)N?' Bby? + B2bib]) + O(Bb] Bhibs)

Se = WNx'(3b] + Bb{) + O(Bb,, b3)
‘? = Rl + AR|

= (1 - M*)N>x7'(4Bb' by~ 4Bbibi* +B%6%), AR, = O(Bb}, bi'b3)
The quantity AR;, when B — 0, is of a higher order of smallness than each of the terms

appearing in R,. It therefore follows from the equality R(y(%, B)) = 0 that R, = 0. The general solution
of the differential equation for b,, which is obtained by equating R; to zero, has the form

by =c; (B + VB* +c3)*
where ¢y, ¢; are arbltrary constants. When account is taken of the condition b;(0) = 0, it follows from

this that b, = O(l3 ).
When B = -n/2 + t,t — 0, we can represent y(%, B) in the form

Y0, B) =1+ K(x)8,(1) + O(3,(1))  (8,(1)/8,(1) > 0) 4.3)
According to relations (4.3) and (3.2)
Yo = -—;— K(xyx 58] + 001938, ,148%) (4.4)

By expressions (1.4) and (4.4)
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1

sin 040
BC

]
=1+ y,
BC 0

[ 3 _ ’ ,
Velpe = lim -2 koI oI 1K + 08, )|

In a solution of the problem exists, then r| z¢ is a finite function of 6, which is not identically equal
to unity when 6, # 0. This is only possible when 8, = O(t%3).

5. ANALYSIS OF THE FORM OF THE JET WHEN M, = 1

Using relations (1.2) and the properties of the solution of the problem which have been established,
we shall now show that, when M, = 1, the velocity in the jet is evened out at a finite distance from the
edge of the nozzle and that the surface, in which this evening-out occurs, is a surface perpendicular to
the x axis. In estimating any function Q(x, B), we shall use the notation Q = O(x*, f™, ¢*) which means
that

O(x*) when x— 0, Be[-n/2,0]
Q={0B™) when B0, x=x,=(1+ ne2)”
o@") when B=-n/2+14, 10, x<xn,
It was established above that, when M, = 1
v=yB) =y, +A v, =g®), A=005p%%) (5.1
It follows from this that
Vo=V + B i =}x FsinBieos)igl, B=0(x,Be%)
Vo=V + O(X—V’,BJ%)‘ Vie= ™! cosfg/

_9 -y Y% 2 -% a2 ,2
(1= M2} = —x Hicosp)gf? + 06,717 5.2)
‘czwf = %x—% sin? B(cosﬂ)%g,’2 + O(x—%,ﬁ4,t°)
Pctgf= %u"x'% sin B(cosﬂ)%g,'2 +0(x%,[33,t°)

In integrals of the type (1.4)
{=const, d0= pt! ll;l% dB/cos? P

Hence
8 3 2% 4B | sin?B 4% 04 0
| w188 =>p~*x"(cosB)” | gl —5—dB = O(=",p%,1")
0 2 o cos‘P
53
? 2.2 2q8  sinB 2.4 0 2
[ v,6d8 =p"*x* cos” B[ g —=—=dB=0(x",p",1")
0 o cos B
Suppose [4], |B| < By, x < x,, when -n/2 < < 0. Then
ofA| ] 2.2 . 2
| s sin 640 $-£Bop x”sin“B (5.4)
0
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Taking account of relations (5.1)~(5.4), we obtain from (1.4) that

Y = g, + 00, B, %) 5
§=Cy+C,, Cy=2g +sinBcosPg. C,=0(x%.[32,t°)

In the interval [-7/2,0] Cp > 0, we have that B > 0 as Cy = O(B?). Hence, |C,/Cy| < = and we can
write

S = Co(1+0(x% B°,1%)) (5.6)
It follows from relations (5.2) and (5.6) that

sin™ B(cos B)%
2g, +sinPcosPg;

o4 -
2 g0 = KGg + 00K B0, G =

Estimating the other terms on the right-hand sides of expressions (1.2) in a similar manner, we shall
have

X = —{%u“x’”tc,zg:’ ~(cosP)gi1+ O(x”,ﬁ.-z%} (5.7)

r
Xg = -{% % B sin B(cos B)K &+ oL B, to)}
Taking account of relations (3.2) and the equalities
Xp = x‘rc.up + xoeﬁ’ Xy = xtt.m + xg0,,
we find from (5.7) that
13 _ , -
*p =7{'2‘|-1 l"'%Gzlgl2 +0(x,p%,t %)}

1 (5.8)
X, = :{Sp"x"%Gmg,g,' + O(xo,B,to)}

In accordance with (5.5), 7 = 2g; + O(x%,p%"). Since g, > 0 when B € [-n/2, 0] and g; = O(B?) as
B8 — 0, then

r = 2g,) 1+ 065,8°,1)) (5.9)
According to relations (5.7) - (5.9)

Xg = 2{2—{% sinf(cos B)K g{g,-% +0(x°,8,t%

Xp= -3_:{—-2-“—"‘%0218!’ 28, + 00 B, %)

Since » = —u0 when B = -1/2, then, when account is taken of (3.7), from the first two equalities of
(5.10) we simultaneously obtain

2 -
xBlBC =-.\/2—_——}‘l %plel % +Ds 'D|<°° (5.11)

It follows from (5.11) that, when M, = 1, the projection of an arc of the free surface bc on the x axis
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is a finite quantity (c is the point at which the curvilinear segment of the arc of the free surface joins
the linear segment).
We now consider the expression

-8 B
J=J|+J2+13; J|= I dee, J2= I deﬁ 13— I xdx

-8g -x/2 xy

el 6(0,90), L7 =p.'e| ', BIE[“R/Z.O]

The integral J; is calculated when B = —n/2 (along BC), J, is calculated when % = %, and J; is calculated
when B = B,. It is obvious that J is the projection on the x axis of an arc which joins the edge of the
nozzle b to the point on the streamline y = g;(B,) at which evening-out of the velocity occurs (at which

M becomes unity and 0 vanishes). It follows from relations (5.10) that J,, J3 = O(% /3) when %, — 0.
Letting %, tend to zero, we can show that J is independent of f; and, consequently, the values M = 1,
and 8 = 0 are attained at one and the same value of x for all the streamlines in the jet. Beyond this
equalization plane, the gas velocity is equal to the velocity of sound and the jet has the shape of a cylinder.

Hence, the assertion formulated at the beginning of this section is proved. Note that, in constructing
the functions y,; and y,, we have only used conditions in the free surface (B = —m/2) and on the x axis
(B = 0). Hence, assuming that a solution of the problem exists for an axially symmetric nozzle of arbitrary
shape, the result also holds for an arbitrary analytic dependence of the Mach number on the reduced
velocity.

A similar result for a plane symmetric jet of a perfect gas, flowing from a vessel with straight walls, was obtained
for the first time in [5]. Extension to the case of a plane jet of gas flowing from a vessel of arbitrary shape in the
case of an arbitrary relation between the density and pressure can be found in [6].

Using the expression y; = f;(w) which has been found above, it can be shown that, when M, < 1, evening-out
of the velocity in the jet occurs at a finite distance from the nozzle edge.

The problem of the axial by symmetric emission of a gas jet from a nozzle with a curvilinear wall has been
investigated using the methods of functional analysis in [7-10]. The nozzle shape was specified by the equation r
= f(x) (~e= < x = 0). Subject to certain constraints on the gas dynamic functions and the conditions

fe Chf (=<0, |arctgf(x)|<n/2
fix) =const when | x|>X (X =const>0)

the solvability of the problem was proved and it was established that equalization of the velocity in the jet with
a critical pressure on the free boundary occurs at a finite distance from the nozzle edge (the shape of the surface
on which equalization occurs was not investigated).

6. THE CALCULATION SCHEME
We put

2t 1-—cos® 2 ”T

=]|( _1)603_’.‘_9...,.1 sin® — + —————cos” —
=@ 20, 2 1-cos8, 2

¢ = f;(w) when M_<1 (6.1)
0= 8,(B)+ %7 (9, (B) + 5¢,(B) exp(-,0%), @, =10 when M, =1

The function y°, constructed in this manner, satisfies boundary conditions (1.3) and retains the same
leading parts of the asymptotic expansions of the function v which have been found when M, < 1 and
M =1

The function % = y — y° must serve as a solution of the boundary-value problem

L) =Ny’ +x)-L(y"), x=0 on AABC

(see (2.5)). The determination of the function ) reduces to solving an iterative sequence of linear
difference boundary-value problems, and the (n + 1)-th approximation of the required function x©**?
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is found using the scheme
x(nﬂ) =(l_w)x(n)+“'x(ll+%), 0<Ws], n___o‘l’”.

where the difference solution of the problem for the equation

L) = Now® + ) - L(y®).

is taken for 12

A finite difference scheme with a five-point approximation on a uniform rectangular mesh is used
in the domain 3. The method of successive upper relaxation is used for its implementation. The transition
into the physical plane is made using formulae (1.2) with a spline approximation of the mesh values
of y.

I“)}uring the course of the iterative process, a domain usually arises in the neighbourhood of the segment
AA, where the values of the quantities y™ = y® + x®@, Y® = y(y®), s® = 2¥™ + y®sin 6 are
negative, but these values subsequently become smaller in magnitude and vanish. The following tech-
nique is used in order that the expression N(\v(”)z should not become infinite and that the iterative process
should not diverge. When §®@ = -m®™ < 0.5, §® + 4m™f(1,8) is replaced by f(1,8), where (1,8) —
(1,0) is a smooth positive function which vanishes when exp(-a;6°) and rapidly tends to 1 on moving
away from point C. The introduction of the factor in expression (6.1) serves similar surfaces.

7. RESULTS OF THE CALCULATIONS

Calculations were carried out on the emission of a jet of perfect gas with an adiabatic exponent y =
1.4 for the series of values 6y € [7,5% 180°] and M, € [0; 1]. A M, < 1 mesh was used when 7 X J =
200 X 100 and a M, = 1 mesh when I X J = 100 X 200 (7 and J are the number of steps along the ©
and 0 axes). Note that u; = —(1 + ), § = —uu* = 9(2y - 1)/8 in the case of a perfect gas.

Suppose 7, 7, are the values of r at point b and ¢ and that k, = 2 /74 is the jet contraction factor. The
values of k, found are shown in Table 1. The last row in this table contains the exact values of k,,
determined for 6, = 180° using a momentum theorem [3].

. =M™+ (y =DM} /2]%"" -1) (7.1)

The condition a1b is satisfied with a sufficiently high accuracy for all versus of the calculation on
(r =) cos By = —x sin 6. It would be expected that the error in determining 8, would become smaller
as 6y decreases.

Suppose k, is the jet contraction factor in plane flow, similar to that considered above. A table of
values of k,, calculated with. a high accuracy, has been presented in [11]. Comparison shows that
k,/k, > 1forall@g+ 0,180° (when 8, + 180°, k,,, like k,, is determined using formula (7.1)). The ratio
k, [ k, reaches maximum values in the neighbourhood of 8, = 60° and, when 8, = 60° k, / k, = 1.0351
for M, = Oand &k, / k, = 1.0257 for M, = 1.

The values of x,. / r, when M, = 1 are presented below for a number of values of 6, (x, is the abscissa

Table 1
0; M2 =0 0.2 0.4 0.6 08 1
1.5 0.93804 0.94379 0.95063 0.95857 0.96761 0.97753
15 0.8830s 0.89375 0.90541 091823 0.93250 0.94862
30 0.79323 0.81007 0.82809 0.84741 0.86819 0.89067
45 0.72339 0.74385 0.76551 0.78846 0.81276 0.83863
60 0:66864 0.69124 0.71503 0.74004 0.76632 0.79409
90 0.59146 0.61608 0.64181 0.66868 0.69667 0.72608
120 0.54375 0.56903 0.59537 0.62278 0.65123 0.68104
150 051539 0.54084 0.56732 0.59482 0.62333 0.65315
180 0.50015 0.52563 0.55211 0.57959 0.60806 0.63780
180 0.5 0.52550 0.55202 0.57957 0.60816 0.63781
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x/ry 0.6235 0.7447 0.8124 0.8547 0.9004 09188 0.9233
0 90 105 120 135 150 165 180

x: 0.9204 09136 0.9050 0.8959 0.8870 0.8790 0.8720

The maximum of x, / r;, is in the neighbourhood of 6, = 75°. When M, = 1, the shape of the arc bc
is shown for 6, = 15° 30°, 60°, 90°, 180° in Fig. 3 (r. decreases as 6 increases).
Suppose s is the arc abscissa of the curve bc. It follows from (1.2) and (1.4) that on bc.

r 9 %
r—c=(]+<{ w,|BCsinedeJ Y

1&_ fqu, u=2y| 1+? | 'ealed4 (7.2)
’),79-_ at "2"’*!35- : wtacsu‘

0 e
i:JE J Ucos6do, -rL=l+Jl_c: | Usin6d9

/3 -8, b -8g

The values of U obtained by solving the problem at mesh points in the interval BC when M, = 1 can
be approximated as follows:

6
U=UO(Z a; sinkm+l+9/60), 8e(-6,,0]
k=1 (7.3)

1 | [ -
U =5 Vil =P #1015, 1=10/6, °

Table 2

83 a; X 10° ay X 10° ay X 10° ag X 10° as X 105 | ag % 10°
1.5 7862 -1877 309 -307 121 -116
15 -12429 —~2049 158 -304 102 -98
30 -19049 =2404 -88 -311 72 =77
45 24039 -2767 -303 -332 42 —68
60 28099 -3133 -502 -358 14 61
90 ~34509 -3861 —876 —422 —41 56
120 -39475 —4568 -1234 —-496 -9 =59
150 —43513 -5239 -1583 =577 -160 -67
180 46919 ~5861 -~1927 ~662 225 ~-17
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Using formulae (7.2) and (7.3) and Table 2, which contains the coefficients a; for a number of values

of 0y, it is possible to establish the shape of the arc bc when M, = 1. Here, the maximum error in
determining x_/r, and r./r, for the tabulated values of 8; does not exceed 0.04% and 0.003%
respectively. The use of the coefficients a; given in Table 2, obtained for intermediate values of 8, using
the spline approximation, barely increases this error. The arc a,bc found by the method described can
serve as the generatrix of the subsonic part of an axially symmetric Laval nozzle with a plane transition
surface.

BN =

e =27

10.
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